Abstract. The theory of Newton-Okounkov bodies, also called Okounkov bodies, is a new connection between algebraic geometry and convex geometry. It generalizes the well-known and extremely rich correspondence between geometry of toric varieties and combinatorics of convex integral polytopes. Okounkov bodies were first introduced by Andrei Okounkov, in a construction motivated by a question of Khovanskii concerning convex bodies govering the multiplicities of representations. Recently, Kaveh-Khovanskii and Lazarsfeld-Mustata have generalized and systematically developed Okounkov's construction, showing the existence of convex bodies which capture much of the asymptotic information about the geometry of (X, D) where X is an algebraic variety and D is a big divisor. The study of Okounkov bodies is a new research area with many open questions. The goal of this mini-workshop was to bring together a core group of algebraic/symplectic geometers currently working on this topic to establish the groundwork for future development of this area. (2000): 14xx, 05xx.
Introduction by the Organisers
The mini-workshop New developments in Newton-Okounkov bodies, organised by Megumi Harada (McMaster University), Kiumars Kaveh (University of Pittsburgh), and Askold Khovanskii (University of Toronto), was held August 21 to August 27, 2011. The goal of the meeting was to explore the new and rapidly developing research area centred on Newton-Okounkov bodies (also called Okounkov bodies 1 ). These are convex bodies associated to algebraic varieties in a very general setting, and may be viewed as a vast generalization of the theory of toric varieties.
The meeting was attended by 16 participants, with broad geographic representation. In addition to the official participants, one Oberwolfach Leibniz Postdoctoral Fellow actively took part in the research activities. There were 13 research talks total and 4 informal discussion sessions which focused on open problems and future directions for research.
In the remaining part of this introduction we attempt to briefly describe some of the motivation behind the subject of Okounkov bodies. It should be emphasized that our mini-workshop provided ample evidence that the theory of Okounkov bodies touches upon many other subjects and that there is a wealth of possible areas of application; as such, we make no claim that our brief overview below is is in any way complete.
A central theme in algebraic geometry is to associate to a variety a combinatorial object -in particular a convex polytope -in such a way that questions about the original variety (such as intersection theory) be answered from the geometry of the associated polytope. A setting in which this geometry-combinatorics dictionary works out perfectly is the extremely useful and popular theory of toric varieties. The theory of Okounkov bodies is a new general frame work to associate convex bodies to algebraic varieties; as such it is a vast generalization of the theory of toric varieties, as we now explain.
Recall that the celebrated Bernstein-Kushnirenko theorem from Newton polyhedra theory relates the number of solutions of a system of polynomial equations with the volume of their corresponding Newton polytopes. Indeed, this theorem motivated the development of the theory of toric varieties. In the more recent setting of symplectic manifolds and Hamiltonian actions, the Atiyah-GuilleminSternberg and Kirwan convexity theorems link equivariant symplectic and algebraic geometry to the combinatorics of moment map polytopes. In the case of a toric variety X, the moment map polytope ∆ coincides with its Newton polytope and therefore fully encodes the geometry of X, but this fails in the general case. In ground-breaking work, Okounkov constructs, for an (irreducible) projective variety X ⊆ P(V ) equipped with an action of a reductive algebraic group G, a convex body∆ and a natural projection from∆ to the moment map polytope ∆ of X. The volumes of the fibers of this projection encode the so-called Duistermaat-Heckman measure, and in particular, one recovers the degree of X (i.e. the symplectic volume) from∆. The recent work of Kaveh-Khovanskii and Lazarsfeld-Mustata, which generalizes and systematically develops Okounkov's ideas, yield constructions of such∆(X, D) (associated to X and a choice of (big) divisor D) -the Okounkov body -even without presence of any group action. Crucially, in their 1 One of the suggestions made at our workshop was to use the term "NObodies", for short. Some of the workshop participants have embraced this new terminology, as can be seen from the abstracts.
construction the polytope∆(X, D) has (real) dimension precisely the (complex) dimension of X, just as in the case of toric varieties. In this sense the polytope has the maximal possible dimension. As a first application, Kaveh and Khovanskii use their construction to prove a far-reaching generalization of the BernsteinKushnirenko theorem to arbitrary varieties which relates the self-intersection number of a divisor with the volume of the corresponding Newton-Okounkov body.
Thus, by generalizing the case of toric varieties as well as many other cases of varieties with a group action, the work of Okounkov, Lazarsfeld-Mustata, and Kaveh-Khovanskii show that there are combinatorial objects of 'maximal' dimension associated to X. The fundamental question is:
What geometric data of (X, D) do the combinatorics of these Newton-Okounkov bodies encode, and how?
We now mention briefly a small sample of the exciting directions for future research which were discussed at the workshop. First, we have already mentioned that, generalizing the Bernstein-Kushnirenko theorem in toric geometry, the volumes of the Okounkov bodies∆ give the intersection numbers of divisors on X. Motivated by this, we may ask another important and general question: what topological or geometric data can we extract from other similar invariants of the Newton-Okounkov bodies, e.g., the volume of its boundary ∂∆? Are they related to the other coefficients of the Hilbert function of X, and if so, how? Secondly, we expect rich applications of Okounkov bodies to, and interactions with, geometric representation theory and Schubert calculus. Kiritchenko's talk on convex chains for Schubert varieties and Kaveh's talk on crystal bases and Okounkov bodies already indicate some of the possibilities. Third, we must better understand conditions under which the Okounkov body is actually a convex polytope (and hence amenable to combinatorial methods). Dave Anderson took important first steps in this direction, but more is needed. Anderson's talk at our workshop addressed precisely this question in the context of Bott-Samelson varieties. Fourth, the toric degeneration construction of Dave Anderson and the resulting gradientHamiltonian-flow construction explained in Kaveh's talk on 'Integrable systems via Okounkov bodies' suggests that there exists an integrable system on a variety X in rather broad generality.
The above (very incomplete) sampling of open research problems discussed at our workshop already ilustrates that the theory of Okounkov bodies lies in the exciting intersection of equivariant algebraic geometry, convex geometry, representation theory, symplectic geometry, and commutative algebra. Lozovanu's talk also suggests connections with number theory, while Huh's talk indicates that tropical geometry and the theory of matroids should also be relevant. We expect this theory not only to significantly contribute to each of these areas, but also to establish previously unknown connections between them. The theory is evidently quite powerful in that it unifies seemingly unrelated constructions in different research areas, such as the Newton polytope of a toric variety, the moment polytope of a Hamiltonian action on a symplectic manifold, and the Gelfand-Cetlin polytopes (or more generally the Littelmann-Berenstein-Zelevinsky string polytopes of representation theory). Furthermore, the Okounkov-body theory allows us also to employ (or use as guiding principles) the well-known and powerful methods of toric geometry to a very large class of varieties.
As can be seen from the discussion above, the theory of Okounkov bodies is still in its infancy and the subject is wide open. We hope that this quick overview has interested the reader in the subject. The abstracts which follow contain a remarkable breadth of topics which further develop the themes we only sketched above (or introduce new themes altogether). Our Oberwolfach Mini-Workshop brought together a core group of algebraic/symplectic geometers working on this topic in order to lay the groundwork for the future development of this area. By all accounts, it was a remarkable and enjoyable success. We hope and expect that this will be the beginning of a long and illustrious history of such gatherings.
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